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Abstract Based on 7 years’ observations from Time History of Events and Macroscale Interactions during
Substorms (THEMIS), we investigate the statistical distribution of electric ﬁeld Pc5 ULF wave power under
different geomagnetic activities and calculate the radial diffusion coefﬁcient due to electric ﬁeld, DELL, for outer
radiation belt electrons. A simple empirical expression of DELL ½THEMIS is also derived. Subsequently, we
compare DELL ½THEMIS to previous DLL models and ﬁnd similar Kp dependence with the DELL ½CRRES model,
which is also based on in situ electric ﬁeld measurements. The absolute value of DELL ½THEMIS is constantly
higher than DELL ½CRRES, probably due to the limited orbital coverage of CRRES. The differences between DELL
E
½THEMIS and the commonly used DM
LL ½B-A and DLL ½Ozeke models are signiﬁcant, especially in Kp dependence
and energy dependence. Possible reasons for these differences and their implications are discussed. The
diffusion coefﬁcient provided in this paper, which also has energy dependence, will be an important
contributor to quantify the radial diffusion process of radiation belt electrons.
1. Introduction
In the Earth’s radiation belt, ~MeV electrons are trapped by the Earth’s magnetic ﬁeld to interact with various
types of electromagnetic waves [e.g., Li et al., 2005; Xiao et al., 2009; Thorne, 2010; Su et al., 2011]. One of the
fundamental interactions between electrons and electromagnetic waves is the drift resonance that causes
electrons to diffuse inward and outward [e.g., Fu et al., 2011], depending on the radial gradient of the phase
space density. This process is known as radial diffusion [e.g., Schulz and Lanzerotti, 1974]. Radial diffusion
requires electromagnetic waves in a frequency range that is comparable to the drift frequency of relativistic
electrons around the Earth, which is usually several millihertz and roughly corresponds to the Pc5 (2 to
6.7 mHz) and Pc4 (6.7 to 22 mHz) frequency of ultralow frequency (ULF) waves.
The radial diffusion coefﬁcient (DLL) is a key parameter in quantifying the efﬁciency of radial diffusion. Early
studies [e.g., Fälthammar, 1965; Brautigam and Albert, 2000] calculated DLL as the sum of electromagnetic
 M


DLL and electrostatic DELLstatic diffusion coefﬁcient. However, because it is difﬁcult to separate the inductive term
from the convective term in electric ﬁeld measurements, efforts have been made to combine electromagnetic
 
and electrostatic diffusion coefﬁcient together as electric diffusion coefﬁcient DELL , leaving the rest of DLL as
 B
the diffusion coefﬁcient due to compressional magnetic ﬁeld DLL . For example, Fei et al. [2006] theoretically
derived equations to calculate DLL using measurements of electric ﬁeld and magnetic ﬁeld wave power as
DELL ¼
DBLL ¼

L6 X E
P ðmωd Þ
8R2E B2E m m
μ2 L4 X 2 B
m Pm ðmωd Þ
R4E B2E m

(1)

8q2 γ2

¼ DELL þ DBLL
Dtotal
LL
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where m is the azimuthal wave number, ωd is the drift frequency, P is the power spectral density (PSD) as
function of frequency, μ is the magnetic moment (or the ﬁrst adiabatic invariant of electrons), and γ is the
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relativistic factor. The constants BE, RE, and q are the equatorial magnetic ﬁeld strength at the surface of the
Earth, the Earth’s radius, and the electron charge, respectively. These equations have been widely used to
calculate DLL with ULF wave PSD obtained from observations [Ozeke et al., 2012, 2014; Ali et al., 2015] and
MHD simulations [Huang et al., 2010; Tu et al., 2012]. However, in the derivation of Fei et al. [2006], they
assume no phase relation between the electric and magnetic ﬁeld perturbations, introducing uncertainties
that have not been well quantiﬁed yet [Lejosne et al., 2013].
Several models of DLL have been developed and have been used in radiation belt simulations to solve the
Fokker-Plank equation. One of them is the Brautigam and Albert [2000] model (known as DM
LL ½B-A), which is
established based on empirical formulae and limited point measurements. Brautigam et al. [2005] used in situ
CRRES electric ﬁeld measurements to calculate DELL (known as DELL ½CRRES). However, assumptions have been
made because CRRES could only provide electric ﬁeld measurements in the y and z components in GSM
coordinate system and its orbit does not have complete local time coverage. More recently, Ozeke et al.
[2012] used 15 years of ground magnetometer observations to infer the electric ULF wave power in space
and developed a model to calculate DELL . Later, Ozeke et al. [2014] established an analytic model for DELL and
DBLL (known as DELL ½Ozeke and DBLL ½Ozeke, respectively). Ali et al. [2015] used magnetic ﬁeld measurements
from CRRES to calculate magnetic ULF wave power and estimated DBLL (known as DBLL ½CRRES). These recent
studies suggested that the radial diffusion is mostly controlled by electric ULF wave with DELL greater than
DBLL by orders of magnitude.
The accuracy of DELL estimation relies on the understanding of ULF waves in the inner magnetosphere. The
ULF waves are abundant in the inner magnetosphere generated by external sources like the disturbance
in the solar wind [Leonovich et al., 2003; Mcpherron, 2005] and internal sources like instabilities and the braking of the earthward high-speed ﬂow in the plasma sheet [Kepko and Kivelson, 1999; Lu et al., 2002; Cao et al.,
2008, 2010; Yeoman et al., 2012; Dai et al., 2013; Klimushkin and Mager, 2015; Zhou et al., 2015]. With recent
improvement on in situ electric ﬁeld measurements by THEMIS [Angelopoulos, 2008] and Van Allen Probes,
ULF wave distributions have been further studied [Liu et al., 2009; Takahashi et al., 2015a, 2015b; Dai et al.,
2015]. Especially, several studies [Sarris et al., 2009; Hartinger et al., 2011; Liu et al., 2013] demonstrate that
THEMIS measurements are able to provide accurate electric ﬁeld of the ULF waves in the two components
near the equatorial plane, hence providing the critical information to calculate azimuthal electric ﬁeld ULF
wave power. Liu et al. [2009] studied the statistical distribution of ULF wave power with 1 year of observations;
however, the data volume in that paper was not adequate to build a DELL model. In this study, we will use
long-term in situ electric ﬁeld measurements by the THEMIS mission to study the statistical distributions of
electric ULF wave power and subsequently, we calculate the electric radial diffusion coefﬁcient. The
calculated DELL will be compared with other DLL models.

2. Observation of the PSD of Eφ
Electric ﬁeld measurements from the electric ﬁeld instrument (EFI) [Bonnell et al., 2008] on board
THEMIS-D from January 2008 to December 2014 are used to calculate the power spectral density
(PSD) of ULF waves. The measurements are transformed into the mean ﬁeld-aligned coordinate system
[e.g., Takahashi et al., 2015a, 2015b]. In this system, B// is obtained from a 60 min running average of the
magnetic ﬁeld, centered at the data point that is being processed. The azimuthal direction êφ is deter→

→

E

E

mined by b
e ==  r , where ê// points along the average background magnetic ﬁeld and r is the radial position vector, pointing outward. The radial direction êr completes the orthogonal system (êr, êφ, and ê//).
The PSDs are calculated by a Morlet wavelet technique [Morlet et al., 1982] with a Hanning window
performed on spin-averaged (~3 s) electric ﬁeld data. Subsequently, the obtained 3 s PSDs are averaged
in 5 min windows. Each 5 min averaged PSD value is considered as one sample in this study. The
integrated PSDs in Pc3 to Pc5 frequency bands are processed and stored at the Maarble Project website
(http://www.maarble.eu/) available for the community.
The data samples are ﬁrst divided into six categories of geomagnetic conditions based on the values of Kp
index, as Kp = 0 for 0, 0+ values, Kp = 1 for 1, 1, 1+ values, etc. We select the data samples with magnetic
latitudes within 15° from the magnetic equator, in order to decrease the effect of the latitudinal distribution
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Figure 1. Distributions of Pc5 ULF wave power in the Eφ component in the equatorial plane based on 7 years, January 2008 to December 2014, observations of
THEMIS for Kp levels (a–f) from 0 to 5.

of ULF waves. The data samples are then binned in spatial pixels for 24 MLT sectors and from L = 3 to 8 with
1 RE step labeled as L = 3.5 to 7.5, respectively. The integrated PSDs of azimuthal electric ﬁeld (Eφ) over Pc5
frequency range are collected for each spatial pixel, and their median values in each pixel are subsequently
calculated and plotted in Figure 1. Figures 1a to 1f represent the distributions of Kp = 0 to 5, respectively.
It is clearly shown in Figure 1 that larger PSD is observed in high L region than in low L region, which is consistent with the interpretation that the energy of Pc5 ULF wave is mainly supplied from external sources, from
the solar wind [Liu et al., 2009, 2010]. The wave power is stronger in the dayside than in the nightside and
shows an asymmetry in the nightside with more power in the premidnight sector than in the postmidnight
sector. As the geomagnetic activity enhances, the PSD of Eφ increased as shown from Figures 1a–1f by about
1 order of magnitude as Kp increases from 0 to 5. It can also be seen that ULF wave power penetrates deeper
into the inner region (smaller L) as the Kp index increases.

3. Calculation of DELL
In order to calculate DELL, we need the averaged Eφ PSD experienced by an electron during one drift orbit. With
the assumption of dipole magnetic ﬁeld model, the drift-averaged PSD can be obtained by calculating the
median value of PSDs of all the data samples observed at each designated L shell. This PSD is a function of
frequency f, L, and Kp level, as PSD(f, L, Kp). In this study, we calculate the PSD for f from 0.5 to 10 mHz, L from
3.5 to 7.5, and Kp for the six levels deﬁned earlier, covering the requirement for diffusion coefﬁcient calculation. The PSD(f, L, Kp) array is shown in Figure 2 as functions of frequency in x axis for L = 3.5 to 7.5 in
Figures 2a–2e, respectively. The lines in different colors are plotted for different Kp levels as labeled. It is
shown that the drift-averaged PSD generally decreases with increasing frequency.
DELL is calculated based on equation (1) with the input of PSD(f, L, Kp) array for four μ values of 500, 1000, 2000,
and 4000 MeV/G, corresponding roughly to 0.5, 1, 2, and 4 MeV electrons at geosynchronous orbit (L = 6.6),
respectively. We assume azimuthal mode number m = 1 and interpolate PSD(f, L, Kp) along the f axis to get
PSD(μ, L, Kp) at the drift frequency of electrons with magnetic moment μ. The DELL values are subsequently
calculated using equation (1).
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Figure 2. Drift-averaged PSD as functions of frequency for (a–e) L = 3.5 to 7.5. Lines in different colors are plotted for
different Kp levels as labeled.

The calculated DELL , termed as DELL ½THEMIS, are shown in Figure 3, solid lines, for μ = 500, 1000, 2000, and
4000 MeV/G in Figures 3a–3d, respectively. Lines in different colors are plotted for different Kp levels as
labeled. It is shown that DELL ½THEMIS increases with increasing L and Kp but decreases with increasing μ.
Based on the multiparameter linear regression ﬁtting technique, DELL ½THEMIS can be expressed analytically as
DELL ½THEMIS ¼ 1:115106 100:281Kp L8:184 μ0:608

(2)

The ﬁtted DELL ½THEMIS is plotted as the dashed lines in Figure 3. The correlation coefﬁcient between the
original and ﬁtted DELL ½THEMIS is 0.95. We note here that the root-mean-square errors (RMSE) between the
logarithm of the original and ﬁtted coefﬁcient have also been tested for μ values from 100 to 8000 MeV/G.
It is found that the RMSE value change slightly at μ = 400–8000 MeV/G but increases dramatically at
μ < 400 MeV/G. This indicates that one should be careful when using DELL ½THEMIS to study the radial diffusion
of electrons below 400 MeV/G.

4. Discussion and Conclusions
In Figure 4, for the case of μ = 1000 MeV/G, we compare our DELL ½THEMIS model, plotted as solid lines, with
E
previous DLL models DELL ½CRRES, DM
LL ½B-A, and DLL ½Ozeke models, plotted as dashed lines, dotted lines, and
long dashed lines, respectively. The results under quiet geomagnetic activity (Kp = 1) and under active
geomagnetic activity (Kp = 5) are plotted in black and red, respectively.
First, we compare DELL ½THEMIS (solid lines) with DELL ½CRRES (dashed lines), which is also based on in situ
electric ﬁeld measurements. We can see that these two models show good consistency in terms of Kp
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Figure 3. Calculated (solid lines) and ﬁtted (dashed lines) DELL ½THEMIS plotted as a function of L for (a) μ = 500, (b) μ = 1000,
(c) μ = 2000, and (d) μ = 4000 MeV/G. Lines in different colors are plotted for different Kp levels as labeled.

Figure 4. Comparison of DELL ½THEMIS (solid lines) with other DLL models for the case of μ = 1000 MeV/G and for Kp = 1
E
(in black) and Kp = 5 (in red). DELL ½CRRES, DM
LL ½B-A, and DLL ½Ozeke are plotted as dashed, dotted, and long dashed lines,
respectively.
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dependence and L dependence. For example, while Kp value increases from 1 to 5, DELL ½THEMIS increases
by about 1.12 order of magnitude and DELL ½CRRES increases by about 1.07 order of magnitude. It is also
shown that DELL ½THEMIS is consistently higher than DELL ½CRRES with roughly a factor of 2. For example, at
L = 6.5, DELL ½THEMIS is 0.14 day1 for Kp = 1 and 1.90 day1 for Kp = 5, while DELL ½CRRES is 0.07 day1 for
Kp = 1 and 0.85 day1 for Kp = 5. The difference between the absolute values of DELL ½THEMIS and DELL
½CRRES could be explained by the orbital coverage of CRRES, which does not cover the high L region
in the prenoon sector. As shown in the PSD distributions in Figure 1, this region generally contains high
ULF wave power, the missing of which could lead to the underestimation of drift-averaged PSD for calculating DELL ½CRRES. As mentioned in section 1, CRRES could measure 2-D electric ﬁeld only in the y and z
directions of GSM coordinate system. Thus, additional assumption of E · B = 0 is needed to calculate the
third component. This assumption is valid only for nontrivial Bx, which substantially reduces the data
volume of PSD and prevents any detailed analysis without large database. The same difﬁculty rises when
one uses electric ﬁeld measurements of Van Allen Probes to calculate the PSD of Eφ. THEMIS satellite
measures 2-D electric ﬁeld near the equatorial plane and thus is a better candidate for the study of
equatorial electric ﬁeld wave power.
Now we compare DELL ½THEMIS (solid lines) with the other two commonly used DLL models, DM
LL ½B-A (dotted
lines) and DELL ½Ozeke (long dashed lines). Brautigam and Albert [2000] also calculated DELLstatic ½B-A containing
only the electrostatic radial diffusion coefﬁcient. However, for the L range studied in this paper, their
electrostatic diffusion coefﬁcient is generally small and is negligible; thus, we only compare the electromagnetic DM
LL ½B-A in this paper. Under quiet geomagnetic conditions, as the black lines shown for Kp = 1,
the diffusion coefﬁcients of the three models are in the same level. However, the differences in Kp dependence are signiﬁcant between the models. DELL ½THEMIS increases by about 1 order of magnitude as Kp value
increases from 1 to 5, while the two previous models increase by about 2 orders of magnitudes, i.e., 2.02
E
orders of magnitude for DM
LL ½B-A and 1.84 orders of magnitude for DLL ½Ozeke. Another difference is the μ
E
dependence (energy dependence) of the diffusion coefﬁcient, which is not included in DM
LL ½B-A and DLL
E
½Ozeke models. In our model, DLL ½THEMIS decreases as μ increases as described by a power law index of
0.608. For given frequency range and L range, there will be only a range of energy of electrons that will
be drift resonant with the ULF waves. The higher μ electrons may become less resonant with the ULF waves.
Also statistically, as shown in Figure 2, the ULF wave PSD almost always decreases with increasing frequency.
Electrons with higher energy have higher drift frequency and thus higher resonance frequency. So, in general, less power is available for higher-energy electrons, which is likely another reason why the DELL decreases
as μ increases. For example, at L = 6.5, the drift frequencies of electrons in dipole magnetic ﬁeld of μ = 1000
and 4000 MeV/G are 1.20 and 2.59 mHz, respectively. From the PSD(f, L, Kp) array shown in Figure 2, we can
get the PSD of the ULF wave resonant with the electrons, which is 6.09 and 2.97 (mV/m)2/Hz for the case of
Kp = 1, i.e., a decrease of ~50% while μ increases from 1000 to 4000 MeV/G. This results in the decrease of
calculated DELL ½THEMIS from 0.13 to 0.06 day1 as μ increases from 1000 to 4000 MeV/G.
The calculation of DELL in this paper is performed under two assumptions. The ﬁrst is the assumption of dipole
magnetic ﬁeld model. Under this assumption, one can easily calculate the drift-averaged PSD at each
designated L shell. The more accurate calculation of drift-averaged PSD can be made with consideration of
compressed magnetic ﬁeld models, which requires tracing electrons along drift orbits [Yu et al., 2014] and
also theoretical modiﬁcation on equation (1). The second assumption is the azimuthal mode number m equal
to 1. Tu et al. [2012] have made effort on estimating m with MHD simulation, and Sarris [2014] estimated m
based on multiple GOES measurements. These studies showed while m = 1 mode is normally dominant,
the power in m = 2, 3, 4,… can be signiﬁcant and not negligible. However, it is still difﬁcult to systematically
determine m number with in situ measurements. Further improvement on DLL will be able to be made once
better knowledge of the dependence of PSD on m number is achieved.
The DELL ½THEMIS calculated in this paper is based on the in situ electric ﬁeld measurements and contains
the diffusion coefﬁcient from both induced and convective electric ﬁeld. Previous studies [Tu et al., 2012;
Ozeke et al., 2014; Ali et al., 2015] have shown that DBLL is much smaller than DELL by orders of magnitude
for the L range studied in the paper. Therefore, one could safely ignore DBLL and use DELL ½THEMIS as the
total DLL.
LIU ET AL.
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In summary, based on the long-term in situ measurements on electric ﬁeld by THEMIS mission, we have
obtained the statistical distributions of ULF wave power of Eφ component for different Kp levels (Figure 1),
which is compelling. The electric radial diffusion coefﬁcient is subsequently calculated based on these distributions. The calculated DELL ½THEMIS is ﬁtted as functions of μ, L, and Kp value. The empirical and convenient
form of diffusion coefﬁcient provided in this paper, which also has energy dependence, will be an important
contributor to quantify the radial diffusion process of radiation belt electrons.
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